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The paper presents an experimental study of the quasi-static deformation behavior of a TA-6 V in sheet
form. To quantify the plastic anisotropy and the tension–compression asymmetry of this material at
room temperature, monotonic tensile and compressive tests were carried out on specimens cut out along
several orientations in the plane of the sheet. It was observed that although the tensile ﬂow stress anisot-
ropy is very mild, the Lankford coefﬁcients’ anisotropy is very pronounced. To describe the observed
mechanical response an elastic/plastic approach was used. Yielding was described using a family of yield
criteria that account for strength differential effects and allow an improved description of the anisotropy
and its evolution through multiple linear transformations. Comparisons between uniaxial monotonic
data and FE simulations using the model show a very good agreement.
 2011 Elsevier Ltd. All rights reserved.1. Introduction studies (Jones and Hutchinson, 1981) showed the occurrence ofTA-6 V titanium alloy is widely used in various industrial sec-
tors for its high strength-to-weight ratio, its good corrosion resis-
tance and its biocompatibility. Many applications can be found in
aerospace (turbine engine, airframe applications), medical (surgi-
cal implants) and automotive industries (valves, connecting rods,
rocker arms), see Boyer et al. (1994) and Lütjering and Williams
(2007). TA-6 V consists of an a-phase which is hexagonal closed-
packed (hcp) and a b-phase which is body centered cubic (bcc).
Their volume fractions may be different, depending on heat treat-
ment and interstitial content (mainly oxygen). The microstructure
is also affected by the mechanical treatment and can show differ-
ent geometrical arrangements of both phases. The material exhib-
its a pronounced anisotropy and a strength asymmetry between
tension and compression. As for most hcp metals, this asymmetry
is due to twinning and its polarity. In the case of TA-6 V, only the
f10 12g twin mode is observed for monotonic deformations, mod-
erate strains, and strain rates, but its volume fraction is too low
(less than 1%) to attribute the tension–compression asymmetry so-
lely to twinning in static experiments (Tirry et al., 2010). Previousll rights reserved.
Division MS2F, University of
el.: +32 4 366 93 32; fax: +32cross-slip when the hc + ai dislocations move on f10 11g planes
in uniaxial compression along the c-axis; however this deforma-
tion mode is not active in uniaxial tension. This results in asymme-
try in the critical resolved shear stresses (CRSS) of hc + ai slip
systems and thus also contributes to the occurrence of strength
differential effects.
Recent studies have been conducted to understand the mechan-
ical behavior of TA-6 V and to model it, as well in moderate than in
high strain rates and temperatures (Khan et al., 2004, 2007;
Majorell et al., 2002; Peirs et al., 2010; Picu and Majorell, 2002;
Salem and Semiatin, 2009). However the development of phenom-
enological criteria for hcp metals is not very signiﬁcant. Indeed
anisotropic formulations for materials with cubic structure (Hill,
1948; Cazacu and Barlat, 2003; Ferron et al., 1994; Karaﬁllis and
Boyce, 1993; Rabahallah et al., 2009) are still used in FEM simula-
tions involving hcp metals, but studies such as Kuwabara et al.
(2001) show that classic plasticity models (J2-ﬂow theory, Hill,
1948) are not able to capture the observed response. In order to
overcome this lack of phenomenological formulations adapted to
hcp metals, new criteria which are able to take into account both
plastic anisotropy and tension–compression asymmetry have
recently been developed (Cazacu et al., 2006; Plunkett et al.,
2008; Nixon et al., 2010).
In this work, a comprehensive experimental and theoretical
investigation of the quasi-static, room temperature, mechanical
Fig. 1. Initial texture of TA-6 V.
Fig. 2. Geometry and dimensions of tensile specimen.
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lows. We begin by reporting the results of a series of monotonic
quasi-static tensile and compressive tests, conducted to quantify
the plastic anisotropy and the tension–compression asymmetry
of the material. The elastic/plastic anisotropic model is then pre-
sented. Yielding is described using Cazacu et al. (2006) yield crite-
rion that account for strength differential effects. To improve the
description of the anisotropy and its evolution, multiple 4th order
anisotropy tensors are introduced in the formulation. These criteria
are brieﬂy recalled followed by a presentation of the procedure for
identiﬁcation of the material parameters. Next, the algorithmic as-
pects related to the implementation of the model in the FE code
Lagamine are presented. The ability of the model to capture the
main features of the observed behavior is examined by comparing
the experimental data with simulation results in terms of stress–
strain response in uniaxial tensile and compression tests.
2. Experimental characterization
2.1. Material
TA-6 V sheet alloy was mechanically tested at room tempera-
ture in uniaxial tension and compression. This titanium alloy,
which is a commercial alloy produced by TIMET (France), has the
chemical composition and elastic properties listed in Tables 1
and 2. This sheet with 0.6 mm thickness was annealed one hour
at 760 C. Optical microscopy showed that the as received material
has an average grain size of 11 lm for the a-phase and 1 lm for the
b-phase, respectively. The initial texture of the material was deter-
mined by electron backscatter diffraction (EBSD) and X-ray diffrac-
tion (XRD), showing that the c-axes of most of the grains were
distributed along RD and at +/13 from the plate normal (ND)
(see Fig. 1)
2.2. Characterization of the anisotropic behavior of TA6 V in tension
Quasi-static tensile tests were performed at room temperature
at a constant strain rate of 3.104 s1 using a Zwick 100 kN ma-
chine at the University of Liege (ULg). Standard tensile specimens
were cut by milling from the sheet. The specimens had an overall
length of 299.6 mm, a gage length of 105 mm, and a gage width
of 15 mm (Fig. 2).
To characterize the anisotropy of the material, the tensile prop-
erties were evaluated along eleven directions in the plane of the
sheet. Each test was duplicated four times. The applied force was
recorded by a load cell and the longitudinal strain was measured
with a Zwick Multisens Light extensometer. In addition, the optical
measurement system Aramis was used to determine the strain
ﬁeld in the gage zone. It was checked that the longitudinal strain
measured by the optical system was in good agreement with
the data recorded by the extensometer. In addition, the tensileTable 1
Chemical composition of the Ti-6Al-4 V alloy investigated.
Al V Fe Y N O C Ti
TOP 6.22 3.93 0.16 0.0004 0.006 0.19 0.008 Bal.
BOTTOM 6.27 4.00 0.16 0.0004 0.006 0.20 0.009 Bal.
Table 2
Elastic parameters of TA-6 V.
Young modulus E [GPa] Poisson ratio m
108 0.3Lankford coefﬁcients (r-ratio, deﬁned as the plastic width strain di-
vided by the plastic thickness strain in tension) were measured.
Because the thickness change involves large relative measurement
uncertainty, the measured axial strain (el) and width strain (ew)
were used with assumed volume constancy to infer the thickness
strain (et). Thus, Lankford coefﬁcient is given by:
r  _e
p
w
_ept
¼  _e
p
w
_epl þ _epw
; ð1Þ
where the superscript p refers to plastic strain, and the subscripts l,
w and t refer to length, width and thickness, respectively. The plas-
tic strains were obtained from the total strains by subtracting elas-
tic strains, computed using isotropic elasticity relations with the
values for the Young modulus and Poisson ratio given in Table 2.
It was observed that the longitudinal and width strains evolved
almost linearly with time; hence for any given test, the LankfordTable 3
In-plane tensile yield determined by the work-equivalence principle and strain ratios
anisotropy (ULg).
Loading direction
h [degrees]
Yield stress
rTh ½MPa
Yield stress
ratio rTh=rT0
r-ratio
0 971.24 1.0 1.142
10 972.50 1.00 1.088
20 961.39 0.99 1.254
30 952.33 0.98 1.614
40 926.35 0.95 1.979
45 922.85 0.95 2.315
50 913.93 0.94 2.406
60 934.75 0.96 2.661
70 935.53 0.96 2.519
80 941.73 0.97 2.474
90 999.57 1.03 2.220
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men, the r-value and rTh , where rTh denotes the uniaxial tensile yield
stress in a direction h with respect to the rolling direction, are listed
in Table 3. The rolling direction yield stress corresponds to 0.2%
strain offset, while the work-equivalence principle (Hill (1987))
was used to determine rTh for the other orientations. Note that the
material displays moderate in-plane anisotropy in initial yield
stresses. An anisotropy ratio for tensile yield stress deﬁned by the
ratio of the yield stress in the transverse direction (the largest one
measured) to that in the 50 direction (the smallest one measured)
is 1.096 (see Table 3). However, the anisotropy in r-values is very
strong, r-ratio in the 60 direction (the largest) being more thanFig. 3. Uniaxial tensile tests results along the rolling (RD), transverse (TD), and at
45 (DD), respectively.
Fig. 4. Geometry and dimensions of the specimens used at Tokyo university of
agriculture and technology.
Fig. 5. Schematic diagram of the comb-shape apparatus (a) conﬁguration ofdouble the r-ratio in the 10 direction (the lowest). Each test was re-
peated four times. The average true stress-true strain curves exhibit
the standard concave-down appearance (i.e. steadily decreasing
hardening rate). In all tensile tests, shear type fracture was
observed.
As an example, the average stress–strain curves in the 0 direc-
tion (RD), 45 or diagonal direction (DD) and 90 (TD) are shown in
Fig. 3.2.3. Characterization of the anisotropic behavior of TA-6 V in
compression
To investigate the effect of loading orientation on the mechan-
ical response and quantify the tension–compression asymmetry of
the TA-6 V, additional tension and compression tests on the spec-
imens machined from the same plate were conducted at Tokyo
University of Agriculture and Technology, Japan using the test
method and the comb-shaped dies apparatus developed by
Kuwabara et al. (1995, 2009). The sample dimensions are shown
in Fig. 4, while a schematic of this recently developed tension/
compression testing device is depicted in Fig. 5.
The lower die 1 is ﬁxed and the lower die 2 is on a slide rail that
enables it to move smoothly in a horizontal direction. The sheet
specimen is set on the lower dies and attached by chucking plates.
The upper dies are placed on the specimen in such a way that the
four holes are aligned with the pins ﬁxed to the lower dies, which
enables a synchronized movement. The lower die 2 is actuated in
the horizontal direction by a servo-controlled hydraulic cylinder
A. The hydraulic cylinder B applies a constant blank-holding force
on the specimen in order to prevent buckling. The blank-holding
pressure was about 12 MPa. The specimen was lubricated on both
sides with Vaseline and Teﬂon sheets (0.05 mm thickness), thus
reducing the friction coefﬁcient to 0.02. The longitudinal strain
was recorded using a strain gauge (Tokyo Sokki Co., FCA-1-11-1L)
glued on the specimen. The tension or compression force applied
to the specimen was measured using a load cell connected to the
right part of the lower die 2. The outputs of the measured force
and strain were monitored every second using A/D data acquisition
and a personal computer. The material uniaxial response in tension
and compression in three in-plane orientations, namely in the roll-
ing (RD), 45(DD) and transverse (TD), respectively, was measured.
Each test was repeated three times.
The average experimental curves along RD, DD and TD are
shown in Figs. 6 and 7 while the yield stresses (determined by
the work-equivalence principle) in each loading direction are given
in Table 4. Note that in irrespective of the loading orientation, the
material is strongest in the TD direction (see Fig. 6), the material
anisotropy in tension being more pronounced than in compression.the dies (b) an overview of the apparatus (after Kuwabara et al., 2009).
Fig. 6. Uniaxial test results in three in-plane orientations showing the material’s anisotropy in (a) tension and (b) compression, respectively.
Fig. 7. Comparison between the tension and compression response in (a) rolling direction (RD), (b) 45 direction (DD), (c) transverse direction (TD), respectively.
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each of these loading directions show that the material displays
tension–compression asymmetry in yielding and hardening.Note that although the tensile yield stresses based on the tests
conducted at Tokyo University are different than that measured at
ULg, the stress ratios are in good agreement. At ULg, the tests were
Table 4
Anisotropy in yield stresses in tension and compression for TA-6 V based on the tests
conducted at Tokyo University of Agriculture and Technology.
Loading
direction
[degrees]
Tensile yield
stress (WEP)
rTh ½MPa
Tensile
yield
stress
ratio
rTh=rT0
Compressive
yield stress
(WEP) rCh ½MPa
Compressive
yield stress
ratio rCh =rT0
0 1001.25 1.0 1058.59 1.06
45 956.54 0.95 1022.19 1.08
90 1021.03 1.02 1103.55 1.10
Anisotropy ratio:
1.068340
Anisotropy ratio:
1.082953
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experimental device used in Japan did not allow the control of
the strain rate, but it was possible to keep the mean strain rate
nearly constant. Thus, the discrepancy between tensile tests results
obtained at ULg and Tokyo University may be attributed to the
strain rate sensitivity of the material. Other reasons for this dis-
crepancy may be related to ageing of the alloy, to the difference
in experimental setup and specimen geometry, or to the position
of the samples with respect to the width direction of the sheet.
3. Elastic–plastic model
To model the observed behavior of the TA-6 V material, an elas-
tic–plastic modeling approach is adopted. To describe the onset of
yielding, the anisotropic yield criteria Cazacu et al. (2006) and
Plunkett et al. (2008), which account for the combined effects of
anisotropy and tension–compression asymmetry are considered.
These criteria are brieﬂy presented in the following along with
the global optimization algorithm used for the parameter identiﬁ-
cation. The presentation of the methodology used for evolving the
anisotropy coefﬁcients and algorithmic aspects related to the
implementation of the model in the FE code Lagamine follow.
3.1. Anisotropic yield functions
Cazacu et al. (2006) proposed an isotropic pressure-insensitive
yield criterion that accounts for yielding asymmetry between ten-
sion and compression associated either with deformation twinning
or non-Schmidt effects at single crystal level. This isotropic crite-
rion involves all principal values of the stress deviator and is de-
ﬁned as
Gðs1; s2; s3; k; aÞ ¼ ðjs1j  ks1Þa þ ðjs2j  ks2Þa þ ðjs3j  ks3Þa; ð2Þ
where s1, s2, and s3 are the principal values of the stress deviator
s ¼ r 13 trðrÞI with I denoting the second-order identity tensor,
and tr being the trace operator (tr(r) = rkk) while a is the degree
of homogeneity and k is the strength differential (SD) parameter.
To describe simultaneously anisotropy and tension/compression
asymmetry, this isotropic yield criterion was further extended to
orthotropy by applying a fourth-order symmetric and orthotropic
tensor C on the stress deviator s, i.e. in Eq. (2), s1, s2, and s3 are
substituted by the principal values of the transformed tensor R de-
ﬁned as:
R ¼ C : s: ð3Þ
In Eq. (2) and throught the paper, ‘‘:’’ denotes the double contracted
product between a 4th order tensor and a second order tensor
((C:s)ij = Cijklskl). Thus, the resulting anisotropic yield criterion
CPB06 is of the form:
F1 ¼ ðjR1j  kR1Þa þ ðjR2j  kR2Þa þ ðjR3j  kR3Þa ¼ ra; ð4Þ
where R1, R2, R3 are the principal values of R and r is the effective
stress associated with this criterion. The CPB06 orthotropic yieldcriterion was shown to exhibit accuracy in describing the yield loci
of magnesium (e.g. Cazacu et al., 2006) and titanium alloys (e.g.
Khan et al., 2007). Recently, Plunkett et al., 2008 have shown that
by incorporating into the isotropic criterion given by Eq. (2) addi-
tional linear transformations, an improved representation of the
anisotropy can be obtained. If two linear transformations operating
on the Cauchy stress deviator s are considered, the general form of
the anisotropic criterion, called CPB06ex2, is:
F2 ¼ GðR1;R2;R3; k; aÞ þ G R01;R02;R03; k0; a
  ¼ ra; ð5Þ
while if three linear transformations are considered the resulting
anisotropic yield criterion, called CPB06ex3 is:
F3 ¼ GðR1;R2;R3; k; aÞ þ G R01;R02;R03; k0; a
 
þ G R001;R002;R003; k00; a
  ¼ ra: ð6Þ
In Eqs. (5) and (6), k, k0, and k00 are material parameters that allow
for the description of strength differential effects, a is the degree
of homogeneity, while ðR1;R2;R3Þ; R01;R02;R03
 
, and R001;R
00
2;R
00
3
 
are the principal values of the transformed tensors
R ¼ C : s R0 ¼ C0 : s and R00 ¼ C00 : s; ð7Þ
respectively. Although the transformed stress tensors deﬁned in Eq.
(7) are not deviatoric, the yield function is pressure insensitive (for
the proof see Cazacu et al., 2006). The fourth-order tensors C, C0and
C00 are symmetric and orthotropic. Note that when C = C0 = C00 and
k = k0 = k00, the criterion reduces to the anisotropic yield criterion
of Cazacu et al. (2006). The physical signiﬁcance of the coefﬁcients
involved in the family of CPB06 criteria and an identiﬁcation proce-
dure for hexagonal metals that is based on results of tensile and
compression tests (directional ﬂow stresses and Lankford coefﬁ-
cients) were presented in Plunkett et al. (2008).
3.2. Hardening description
For monotonic loadings, the general practice is to assume iso-
tropic hardening and use a representative hardening curve (in
the rolling or biaxial direction) as input for FE simulations. Isotro-
pic hardening implies a proportional expansion of the surface,
without any changes in shape or position. Thus, for monotonic
loading processes an isotropic hardening model is valid only if
the material hardens at the same rate along every strain path.
However, for hexagonal materials (see uniaxial stress–strain
curves of the material under investigation; Lou et al., 2007; Nixon
et al., 2010, etc.) the rate of hardening depends on the loading
direction and/or its orientation even for the simplest loading paths.
A methodology that allows describing directional hardening of
hexagonal materials has been proposed by Plunkett et al. (2006).
It consists in determining the anisotropy coefﬁcients correspond-
ing to several ﬁxed levels of accumulated plastic deformation
and then using piece-wise linear interpolation to obtain the yield
surface corresponding to any level of accumulated plastic deforma-
tion. Another method that allows the description of distortional
hardening occuring in proportional loading deformation through
incorporation of explicit analytical laws for the variation of the
anisotropy coefﬁcients and strength differential parameters, was
proposed by Ertürk (2009) and used in conjunction with the ortho-
tropic yield criterion of Cazacu and Barlat (2004).
In this paper, we will use the methodology of Plunkett et al.
(2006) in conjunction with the orthotropic yield criteria CPB06,
CPB06ex2, and CPB06ex3, respectively. It is assumed that yielding
is described by:
f ðr; epÞ ¼ rðr; epÞ  YðepÞ; ð8Þ
where r is the effective stress according to the given yield criterion
(Eqs. (4), (5) or (6)) while ep is the effective plastic strain associated
1282 G. Gilles et al. / International Journal of Solids and Structures 48 (2011) 1277–1289to r using the work-equivalence principle (Hill, 1987), and YðepÞ is a
reference hardening curve (e.g. tensile stress–strain curve along
RD). The latter is chosen of the form:
YðepÞ ¼ A0 þ B0 expðC0epÞ; ð9Þ
where A0, B0, C0 are material constants. For any ep, the plastic work
per unit volume is given by:
WpðepÞ ¼
Z ep
0
YðpÞdp ¼ A0ep þ B0C0 ð1 expðC0
epÞÞ: ð10Þ
The anisotropy coefﬁcients and SD parameters are considered to
evolve as a function of the plastic work per unit volume Wp. The
anisotropy coefﬁcients and strength differential parameters are
determined for several levels of plastic work per unit volume
W ð1Þp <    < W ðjÞp <    < W ðmÞp ; j ¼ 1 . . .m, where W ð1Þp corresponds
to initial yielding and W ðmÞp corresponds to the highest level of plas-
tic work attainable in all mechanical tests. Next, for each of the indi-
vidual plastic work levels, W ðjÞp ; r is calculated using Eqs. (4), (5) or
(6) (e.g. for CPB06 rðjÞ ¼ r r;C W ðjÞp
 
; k W ðjÞp
 n o
with given by Eq.
(4)). To determine the yield surface corresponding to an intermedi-
ate level of plastic work W ðjÞp 6Wp 6W
ðjþ1Þ
p
 
, linear interpolation
is used:
r ¼ vðWpÞrðjÞ þ ð1 vðWpÞÞrðjþ1Þ; ð11Þ
where v is a weighting factor deﬁned as:
vðWpÞ ¼
W ðjþ1Þp Wp
W ðjþ1Þp W ðjÞp
ð12Þ
such that v W ðjÞp
 
¼ 1 and v W ðjþ1Þp
 
¼ 0.4. Application to TA-6 V
4.1. Identiﬁcation of the parameters of CPB06 yield criteria for TA-6 V
In this section, we apply the model to the description of the
anisotropy and asymmetry in yielding of the material studied.
The ﬁrst step consists in determination of the anisotropy coefﬁ-
cients and strength differential parameters involved in the yield
criteria (4), (5) or (6). For 3D stress and orthotropic symmetry,
the C, C0 and C00 involved in the criteria (4), (5) or (6) each have
nine non-zero components in the (x,y,z) coordinate system asso-
ciated to orthotropy (in the case of a sheet, x, y and z represent
RD, TD and ND, respectively). They are represented in Voigt nota-
tions by:
C ¼
C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66
2
666666664
3
777777775
C0 ¼
C 011 C
0
12 C
0
13 0 0 0
C012 C
0
22 C
0
23 0 0 0
C013 C
0
23 C
0
33 0 0 0
0 0 0 C044 0 0
0 0 0 0 C055 0
0 0 0 0 0 C 066
2
666666664
3
777777775
C00 ¼
C 0011 C
00
12 C
00
13 0 0 0
C0012 C
00
22 C
00
23 0 0 0
C0013 C
00
23 C
00
33 0 0 0
0 0 0 C0044 0 0
0 0 0 0 C0055 0
0 0 0 0 0 C0066
2
666666664
3
777777775
:
ð13Þ
Either yield function of CPB06 family is homogeneous of degree one
in their arguments. Thus, if we replace Cij by aCij;C0ij by aC
0
ij;C
00
ij by
aC00ij;a being any positive number, the respective expressions for
the effective stresses and rh according to the respective criterionremain unchanged. Hence, we can scale the anisotropy coefﬁcients
by C11, or in other words take C11 = 1. Without loss of generality, we
can also set C011 ¼ C0011 ¼ 1. The degree of homogeneity a is ﬁxed
(a = 2). The remaining coefﬁcients Cij, and/or C
0
ij and/or C
00
ij with i,
j = 1, . . . ,3, the shear coefﬁcients C66 and/or C
0
66 and/or C
00
66 and the
SD parameters are determined by minimizing an error function of
the form (see the Appendix A for further details)
E ¼
X
i
gi
rTh=rT0
 th
i
rTh=rT0
 exp
i
 1
" #2
þ
X
j
gj
rCh=rT0
 th
j
rCh=rT0
 exp
j
 1
2
4
3
5
2
þ
X
k
gk
rthk
rexpk
 1
 2
: ð14Þ
In the above equation, i, j and k represents respectively the number
of experimental normalized tensile yield stresses (from ULg), com-
pressive yield stresses (from Japan) and r-ratios (from ULg) avail-
able while the superscript indicates whether the corresponding
value is experimental or predicted.
The parameters gi, gj and gk are weight factors. In this study,
they were ﬁxed to gi = gj = gk = 1. The classical simulated annealing
(CSA) method was used. The CSA algorithm is an iterative global
optimization method that distinguishes between different local
optima. This method is based on Metropolis’ works (Metropolis
et al., 1953; Hastings, 1970). At each iteration, a trial point is gen-
erated from the previous one. If this point improves the objective
function to be optimized, it is automatically accepted. If it does
not, it can however be accepted with a probability
p ¼ exp  jEnþ1  Enj
T
 	
; ð15Þ
where Ei stands for the value of the objective function at step i and T
is a ﬁctious temperature. The expression (15) shows that upwards
transitions are more likely to take place for large values of T and/
or for small differences between two consecutives values of the
objective function. After a ﬁxed number of transitions at a constant
temperature, the latter is decreased so that less upwards transitions
are allowed as the algorithm processes, which eventually leads to
the determination of the global optimum. The acceptance of such
a solution allows exploring a larger part of the space and prevents
to freeze the system on a local optimum. In contrast to gradient
methods, the CSA algorithm only requires the evaluation of the
objective function for each trial point. In the CSA method, three ma-
jor parameters can be adjusted:
- the initial temperature T0;
- the temperature reduction rate factor a;
- the maximal number of transitions at a constant temperature
NT.
A too low initial temperature will not allow exploring the whole
state space and might converge to a local minimum, whereas a too
high temperature will uselessly increase the computation time.
The reduction factor is usually chosen between 0.9 and 0.99. A
too fast decrease might freeze the system into a local minimum. Fi-
nally, a common rule is to ﬁx the maximal number of transitions to
at least 100 times the number of parameters.
The range of SD parameters and the other anisotropy coefﬁ-
cients is respectively [-1,1] and [-5,5]. The CSA algorithm parame-
ters are given in Table 5.
The values of the material parameters identiﬁed for TA-6 V
using CPB06, CPB06ex2, and CPB06ex3 yield criteria are given in
Tables 6–8. For comparison purposes, Hill (1948) criterion was also
applied to TA-6 V. With respect to the orthotropy axes (x,y,z), Hill
(1948) orthotropic yield criterion is written as:
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2 þ Gðr33  r11Þ2 þ Hðr11  r22Þ2
h
þ2Lr223 þ 2Mr213 þ 2Nr212
i
¼ r2; ð16ÞTable 5
Parameters used in the CSA algorithm.
T0 a NT
2.109 0.99 2.109
Table 6
Yield function CPB06ex1 coefﬁcients for TA-6 V based on experimental data
corresponding to Wp = 1.9478 MPa.
k C11 C12 C13 C22 C23 C33 C66
0.0470 1.0 0.3408 2.6743 4.9101 1.9254 0.5031 3.7447
a = 2
Table 7
Yield function CPB06ex2 coefﬁcients for TA-6 V using experimental data correspond-
ing to Wp = 1.9478 MPa.
k C11 C12 C13 C22 C23 C33 C66
0.0695 1.0 0.3964 2.9464 4.0593 4.8258 4.9448 1.8682
k0 C011 C
0
12 C
0
13 C
0
22 C
0
23 C
0
33 C
0
66
0.5817 1.0 3.0304 1.1522 0.3166 2.4160 0.0987 4.3171
a = 2
Table 8
Yield function CPB06ex3 coefﬁcients for TA-6 V using experimental data corresponding to
k C11 C12 C13
0.7996 1.0 0.8263 1.8242
k0 C011 C
0
12 C
0
13
0.4984 1.0 2.2040 0.0341
k00 C0011 C
00
12 C
00
13
0.2614 1.0 0.7837 3.4253
a = 2
Fig. 8. Theoretical yield loci according to (a) Hill (1948) criterion and (b) CPB06 cri
Wp = 1.9478 Mpa.where the coefﬁcients F, G, H, L,M and N are material constants. The
in-plane anisotropy coefﬁcients were calculated using only experi-
mental r-values. The numerical values for TA-6 V are: F = 0.4803,
G = 0.9337, H = 1.0663, N = 3.9804.
In the next section, comparison between simulations and data
will be analyzed in terms of yield surface plots, r-value distribu-
tions and uniaxial stress–strain response.4.2. Results
Fig. 8 displays the biaxial plane projections (r3 = 0) of the yield
loci for TA-6 V according to Hill (1948) (Fig. 8 (a)) CPB06, CPB06ex2
and CPB06ex3 (Fig. 8 (b)) in comparison with the experimental
yield stresses corresponding to the work plastic level associated
to the onset of plasticity (Wp = 1.9478 MPa). Note that all CPB06
criteria capture the material’s tension–compression asymmetry,
however CPB06ex3 describes best all the experimental data. In
Figs. 9–11 are shown respectively the anisotropy of the tensile
and compressive yield stresses and r-ratios as described by Hill
(1948), CPB06, CPB06ex2, and CPB06ex3, respectively in compari-
son with the experimental data. It can be noticed that considering
up to three linear transformations in the expression of the yield
function allows for an improvement in accuracy and ﬂexibility.
The CPB06ex3 yield function describes well the very pronounced
anisotropy in r-ratios as well as the moderate anisotropy yield
stresses for tension and compression loadings.
To quantify the evolution of anisotropy with accumulated plas-
tic deformation, the anisotropy coefﬁcients and SD parametersWp = 1.9478 MPa.
C22 C23 C33 C66
0.5381 0.9875 0.4984 4.7338
C022 C
0
23 C
0
33 C
0
66
2.9754 1.8478 1.7210 1.7068
C0022 C
00
23 C
00
33 C
00
66
0.6518 0.9876 1.2701 3.2369
teria in comparison with experimental ﬂow stresses (symbols) corresponding to
Fig. 9. Anisotropy in tensile yield stresses for TA-6 V according to (a) Hill (1948) and (b) CPB06 criteria, in comparison with data at Wp = 1.9478 MPa measured at ULg.
Fig. 10. Anisotropy in compressive yield stresses for TA-6 V according to (a) Hill (1948), and (b) CPB06 criteria, in comparison with data at Wp = 1.9478 MPa measured at
Tokyo University (Japan).
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levels of accumulated plastic work. The material parameters are
given in Table 9. The corresponding theoretical yield surfaces
along with the experimental values (symbols) are shown in
Fig. 12. Note that irrespective of the level of plastic work, the yield
loci have an elliptical shape with little distortion. This is indicative
of slip dominated deformation as was conﬁrmed by post-test
observations. f1012g twin mode was observed in a sample de-
formed by simple shear up to a shear strain of 20%. The twin
boundaries were detected using automatic twin orientation rela-
tion check and the twin fraction was estimated to be below 1%,
which is in agreement with other studies on TA-6 V, see e.g. Tirry
et al. (2010).The CPB06 yield criteria in conjunction with isotropic hardening
were implemented in the ﬁnite element (FE) code Lagamine. It is
an implicit nonlinear FE code with an updated Lagrangian formula-
tion and is adapted to large strains and large displacements. It was
developed by the ArGEnCo department (University of Liege) in
1984 and has been applied to numerous forming processes: rolling
(Habraken et al., 1998), forging (Habraken and Cescotto, 1990),
continuous casting (Castagne et al., 2003; Castagne et al., 2004),
deep drawing (Duchêne et al., 2002), etc. The code uses a large ele-
ment library (e.g. Cescotto and Charlier, 1993; Zhu and Cescotto,
1994; Zhu and Cescotto, 1995; Habraken and Cescotto, 1998) and
numerous constitutive laws (e.g. Habraken and Duchêne, 2004).
Simulations were performed considering the anisotropy coefﬁ-
Fig. 11. Anisotropy in tensile r-ratios for TA-6 V according to (a) Hill (1948), (b) CPB06 criteria, and data obtained at ULg.
Table 9
Yield function CPB06ex3 coefﬁcients for TA-6 V based on experimental data
corresponding to three levels of plastic work per unit volume.
Wp[MPa] 1.9478 9.84 51.2879
k 0.7996 0.9004 0.9895
k0 0.4984 0.4726 0.3865
k00 0.2614 0.2494 0.2836
C12 0.8263 0.8240 0.8048
C13 1.8242 1.8177 1.6641
C22 0.5381 0.4785 0.3028
C23 0.9875 0.9094 0.7389
C33 0.4984 0.2387 0.0502
C66 4.7338 4.5500 4.5617
C012 2.2040 2.2357 2.4697
C013 0.0341 0.1724 0.1153
C022 2.9754 2.9526 2.6327
C023 1.8478 2.0094 2.0688
C033 1.7210 1.4492 1.1703
C066 1.7068 1.6666 0.9208
C0012 0.7837 0.7181 0.8203
C0013 3.4253 3.4376 3.4944
C0022 0.6518 1.3094 2.0871
C0023 0.9876 0.9068 0.8220
C0033 1.2701 1.4958 1.3724
C0066 3.2369 3.3995 3.5136
For all levels of plastic work: a = 2 and C11 ¼ C011 ¼ C0011 ¼ 1:0.
Fig. 12. Theoretical yield surfaces according to CPB06ex3 (Eq. (6)) and experimen-
tal data corresponding to ﬁxed levels of the plastic work per unit volume.
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yield surface. In the lattest case, interpolation was performed
between the yield surfaces of Fig. 12 (v = 0.5 in Eq. (12)). More de-
tails concerning the solution of the plastic corrector problem are
given in Appendix B. Tensile and compressive tests were simulated
by using a single BWD3D element. This element is a 8-node 3D
brick element with a mixed formulation and one integration point.
More details can be found in Duchêne et al. (2005) and Duchêne
et al. (2008).
The simulated normal stresses in the appropriate loading direc-
tion versus the longitudinal strain for both tension and compres-
sion according to CPB06ex3 criterion with ﬁxed values for the
anisotropy parameters corresponding to (1) Wp = 1.9478 MPa and
to (2) Wp = 51.2879 MPa are compared to the results obtainedwith the same yield criterion but with anisotropy and strength dif-
ferential parameters evolving with the plastic work (see Fig. 13).
Note that CPB06ex3 accurately reproduces the data for each load-
ing orientation in tension as well as compression, even if the evo-
lution of the parameters is neglected.5. Summary and conclusions
A series of experiments aimed at characterizing the deforma-
tion of TA-6 V under quasi-static uniaxial loading conditions at
room temperature was carried out. To quantify the plastic anisot-
ropy and tension–compression asymmetry of the material, mono-
tonic tensile tests in eleven in-plane orientations and compressive
tests along three in-plane directions were conducted. From the
test results, it can be concluded that in tension the material
Fig. 13. Comparison between experimental and simulated true stress-true strain curves in tension and compression for several loading directions according to CPB06ex3
criterion using anisotropy and SD parameters corresponding toWp = 1.9478 MPa (1); using anisotropy and SD parameters corresponding toWp = 51.2879 Mpa (2), and using
anisotropy and SD parameters evolving with the plastic work (param. evol.), and experimental data obtained at ULg and Tokyo University.
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anisotropy is moderate. Compression tests revealed that the mate-
rial response is non-symmetric. On the basis of the data available,
it can be concluded that the anisotropy in compression is less pro-
nounced than in tension. To simulate the observed response both
Hill (1948) and CPB06 yield criteria were used. It was shown that
even for a material with strength differential effects which are
rather moderate (ratio between the yield stress in tension and
compression in the range [1.0,1.10]), the observed behavior can
be captured only with a yield criterion that accounts for ten-
sion–compression asymmetry. Because of the strong anisotropy
in r-values, up to three anisotropy tensors were introduced in
the formulation. It was shown that the resulting criterion
CPB06ex3 captures the main features of the observed behavior.
It was examined whether introduction of distortional hardening
(i.e. evolution of the anisotropy coefﬁcients and SD parameters)
inﬂuences the accuracy of the predictions. Given that in this mate-
rial there is very little deformation twinning present, accurate re-
sults can be obtained even if anisotropy evolution is disregarded.Further validation of the model for other proportional loading
paths is in progress, for example plane strain and biaxial tests
which will provide additional data about the yield locus in the
biaxial plane. In order to describe hardening anisotropy induced
by cyclic loadings and more generally, the hardening anisotropy
due strain path changes, it is expected that additional internal
variables, need to be introduced in the formulation. Haddadi
et al. (2006) used such an approach in conjunction with Hill
(1948) yield criterion to model non-proportional deformation of
certain steels. Alternatively, the CPB06ex3 yield locus can be
adapted depending on the strain path. Such an approach was
recently proposed by Levkovitch and Svendsen (2007) in conjunc-
tion with Hill (1948) criterion.
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Appendix A. Identiﬁcation of material parameters in CPB06
yield functions (tension, compression along different
orientations) and resulting algebraic system
Let’s consider uniaxial loading in the plane (x,y) of the
sheet along a h-direction with the rolling direction. If rTh and rCh de-
note the tensile and compressive yield stresses respectively, the
yield criterion (4) can be written as follows:
rTh ¼ rT0
ðjU1j  kU1Þa þ ðjU2j  kU2Þa þ ðjU3j  kU3Þa
ðjA1j  kA1Þa þ ðjA2j  kA2Þa þ ðjA3j  kA3Þa

 1
a
; ðA:1Þ
rCh ¼ rT0
ðjU1j  kU1Þa þ ðjU2j  kU2Þa þ ðjU3j  kU3Þa
ðjA1j þ kA1Þa þ ðjA2j þ kA2Þa þ ðjA3j þ kA3Þa

 1
a
; ðA:2Þ
where rT0 is the tensile yield stress in the rolling direction (h = 0)
andA1 ¼ 12 axx þ ayy þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaxx  ayyÞ2 þ 4a2xy
q 	
;
A2 ¼ 12 axx þ ayy 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaxx  ayyÞ2 þ 4a2xy
q 	
;
A3 ¼ azz
ðA:3Þ
with
axx ¼ U1 cos2 hþW1 sin2 h;
ayy ¼ U2 cos2 hþW2 sin2 h;
azz ¼ U3 cos2 hþW3 sin2 h
axy ¼ C66 sin h cos h
ðA:4Þ
and
U1 ¼ 23C11  13C12  13C13 W1 ¼ 23C12  13C11  13C13;
U2 ¼ 23C12  13C22  13C23 W2 ¼ 23C22  13C12  13C23;
U3 ¼ 23C13  13C23  13C33 W1 ¼ 23C23  13C13  13C33:
ðA:5Þ
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tion, the Lankford coefﬁcient rh under uniaxial tension in a h-direc-
tion with the rolling direction is given by:
rh ¼ 
sin2 h @F1
@rxx  sinð2hÞ
@F1
@rxy þ cos2 h
@F1
@ryy
@F1
@rxx þ
@F1
@ryy
: ðA:6Þ
The derivatives of F1 (Eq. (4)) reduce as follows for uniaxial tension
in the x–y plane:
@F1
@rij
¼ @F1
@Rm
@Rm
@Rkl
@Rkl
@rij
; ðA:7Þ
where the non-zero components are:
@F1
@Rm
¼ aðjRmj  kRmÞa1ðsgnðRmÞ  kÞ; ðA:8Þ
@R1
@Rxx
¼ @R2
@Ryy
¼ 1
2
þ Rxx  Ryy
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRxx  RyyÞ2 þ 4R2xy
q ;
@R1
@Ryy
¼ @R2
@Rxx
¼ 1
2
 Rxx  Ryy
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRxx  RyyÞ2 þ 4R2xy
q ; ðA:9Þ
@R1
@Rxy
¼  @R2
@Rxy
¼ Rxyﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðRxx  RyyÞ2 þ 4R2xy
q ;
@R3
@Rzz
¼ 1;
@Rxx
@rxx
¼ U1 @Rxx
@ryy
¼ W1;
@Ryy
@rxx
¼ U2 @Ryy
@ryy
¼ W2;
@Rzz
@rxx
¼ U3 @Rzz
@ryy
¼ W3; ðA:10Þ
@Rxy
@rxy
¼ C66:
All these relationships can be extended to CPB06ex2 and CPB06ex3
yield criteria. For each loading direction considered in this study,
Eqs (A.1), (A.2) and (A.6) are used in the error function deﬁned in
Eq. (14).Appendix B. Returning mapping algorithm
Since the elastic strains are usually much smaller than the plas-
tic strains, it is considered an additive decomposition of the total
strain rate _e into an elastic part _ee and a plastic part _ep:
_e¼ _ee þ _ep: ðB:1Þ
The elastic stress–strain relationship is given by
r ¼ Ce : _ee; ðB:2Þ
where Ce is the fourth-order elasticity tensor. The evolution of the
plastic strain is given by an associated ﬂow rule:
_ep ¼ _k @f
@r
; ðB:3Þ
where f is the yield function deﬁned by Eq. (8) while _kP 0 is the
plastic multiplier. Since the effective stress r is a ﬁrst order
homogeneous function in stresses, it can be shown from the
work-equivalence principle that _k ¼ _ep where _ep is the equivalent
plastic strain rate.
During a time step Dt = tn+1  tn, the trial state rtrialnþ1 ¼ rþn Ce : Den
is computed. If f rtrialnþ1;ep;n
 
6 0, the stress state is elastic and then
rnþ1 ¼ rtrialnþ1. If f rtrialnþ1; ep;n
 
> 0, there is plastic ﬂow and the follow-
ing nonlinear system must be solved for rn+1 and Dkn+1:rnþ1 ¼ rtrialnþ1  Dknþ1Ce : @f@r
 
nþ1
fnþ1 ¼ rðrnþ1; ep;nþ1Þ  Yðep;nþ1Þ;
8<
: ðB:4Þ
where Dknþ1Ce : @f@r
 
nþ1
is the stress correction due to the plastic
strains. If the elastic trial state is denoted as iteration k = 0
(r0nþ1 ¼ rtrialnþ1 and Dk0nþ1 ¼ 0Þ, k being the local iteration counter,
the stress increment update takes the effects of the plastic strains
as follows:
rkþ1nþ1 ¼ rknþ1 þ drkþ1nþ1 ¼ dkkþ1nþ1Ce :
@f
@r
 	kþ1
nþ1
; ðB:5Þ
where d denotes the variation of the variable between iterations k
and k + 1:
drkþ1nþ1 ¼ rkþ1nþ1  rknþ1;
dkkþ1nþ1 ¼ Dkkþ1nþ1  Dkknþ1:
ðB:6Þ
The stress potential gradient at the updated state @f
@r
 kþ1
nþ1
is approx-
imated by
@f
@r
 	kþ1
nþ1
 @f
@r
 	k
nþ1
¼ qknþ1 ðB:7Þ
and the stress correction is then given by
drkþ1nþ1 ¼ dkkþ1nþ1Ce : qknþ1: ðB:8Þ
The incremental variation of the plastic multiplier dkkþ1nþ1 is obtained
through a Taylor expansion of the yield criterion about the current
state:
f rkþ1nþ1; e
kþ1
p;nþ1
 
¼ f rknþ1; ekp;nþ1
 
þ @f
@r
 	k
nþ1
drkþ1nþ1 þ
@f
@ep
 	k
nþ1
dkkþ1nþ1 ¼ 0:
ðB:9Þ
The derivatives are evaluated as follows:
@f
@r
¼ q ¼ @r
@r
¼ vðWpÞ @
rðjÞ
@r
þ ð1 vðWpÞÞ @
rðjþ1Þ
@r
ðB:10Þ
and
@f
@ep
¼ @r
@ep
 @Y
@ep
¼ v  h; ðB:11Þ
where
v ¼ @r
@ep ¼
@v
@ep
rðjÞ  @v
@ep
rðjþ1Þ ¼  @v
@Wp
@Wp
@ep ðrðjþ1Þ  rðjÞÞ ¼ Y
rðjþ1ÞrðjÞ
Wðjþ1Þp WðjÞp
;
h ¼ @Y
@ep ¼ B0C0 expðC0epÞ:
ðB:12Þ
It leads to
f rknþ1; e
k
p;nþ1
 
 dkkþ1nþ1qknþ1 : Ce : qknþ1 þ dkkþ1nþ1 vknþ1  hknþ1
 
¼ 0 ðB:13Þ
and thus
dkkþ1nþ1 ¼
f rknþ1; ekp;nþ1
 
qknþ1 : C
e : qknþ1 þ hknþ1  vknþ1
: ðB:14Þ
The stresses and the plastic strains are then updated through dk. The
plastic corrector step is repeated until a speciﬁed tolerance of the
yield function has been obtained. Once convergence is obtained,
the updated stresses and strains are accepted as the current state.
The compliance matrix relates the current stress increment to
the current total strain increment. It is used to predict the total
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function gives
Df ¼ @f
@r
Drþ @f
@ep
Dk ¼ 0 ðB:15Þ
Since Dee = De  Dep = De  Dkq, it yields Dr = Ce:De  DkCe:q and
thus
Dk ¼ q : C
e : De
q : Ce : qþ h v : ðB:16Þ
The compliance matrix is then given by
Cep ¼ Dr
De
¼ Ce  ðC
e : qÞ  ðCe : qÞ
q : Ce : qþ h v : ðB:17ÞReferences
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